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Abstract 

The aim of our paper is to formulate and solve problems con¬ 
cerning multitime multiple recurrence equations. We discuss in detail 
the generic properties and the existence and uniqueness of solutions. 
Among the general things, we discuss in detail the cases of autonomous 
and non-autonomous recurrences, highlighting in particular the the¬ 
orems of existence and uniqueness of solutions. Finally, are given 
interesting examples which are the analogue of arithmetic progression 
and the analogue of geometric progression. The multitime multiple 
recurrences are required in analysis of algorithms, computational bi¬ 
ology, information theory, queueing theory, filters theory, statistical 
physics etc. The theoretical part about them is little or not known, 
this being the first paper about the subject. 
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1 General statements 

A multivariate recurrence relation is an equation that recursively defines a 
multivariate sequence, once one or more initial terms are given: each further 
term of the sequence is defined as a function of the preceding terms. Some 
simply defined recurrence relations can have very complex (chaotic) behav¬ 
iors, and they are a part of the field of mathematics known as nonlinear 
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analysis. We can use such recurrences including the Differential Transform 
Method to solve completely integrable first order PDEs system with initial 
conditions via discretization. 

In this paper we shall refer to discrete multitime multiple recurrence (au¬ 
tonomous and non-autonomous), giving original results regarding generic 
properties and existence and uniqueness of solutions. Also, we seek to pro¬ 
vide a fairly thorough and unified exposition of efficient recurrence relations 
in both univariate and multivariate settings. The scientific sources used by 
us are: filters theory 0, 0, 0-0, P2MI3, general recurrence theory 0, 
0, ffl, 03, our results regarding the diagonal multitime recurrence 0-0, 
and multitime dynamical systems |15j-[T9J . 

Let m > 1 be an integer number. We denote 1 = (1,1,..., 1) G Z m . 
Also, for each a G {1, 2,..., m}, we denote 1 Q = (0,..., 0,1, 0,..., 0) G Z m , 
i.e., l a has 1 on the position a and 0 otherwise. 

On Z m , we define the relation “ < for t = (t 1 ,, £ m ), s = (s 1 ,..., s m ), 

s < t if s a < t a , Va G {1,2,..., m}. 

One observes that “ < ” is a partial order relation on Z m . 

Let M be an arbitrary nonvoid set and t± G Z m be a fixed element. We 
consider the functions F a : {t G Z m 1 1 > fi} x M —> M, a G {1,2,..., m}. 
We fix to G Z m , to >t\. A first order multitime recurrence of the type 

x(t + Iq,) = F a (t, x(t)), Wt G Z m , t > t 0 , Va G {1, 2,..., m}, (1) 

is called a discrete multitime multiple recurrence. 

This model of multiple recurrence can be justified by the fact that a 
completely integrable first order PDE system 

rjqr^ 

-W = i^x(i))OGr 

can be discretized as 

x i (t + l a ) = Fi(t,x(t)), t GZ“. 

The initial (Cauchy) condition, for the PDE system, is translated into initial 
condition for the multiple recurrence. 

Proposition 1. If for any (t 0 ,x 0 ) G {t G Z m | £ > ti} x M, there exists at 
least one solution i: {t G Z m |f > £q} —> M which verifies the recurrence 
© and the initial condition x(to) = xq, then 

F a {t + 1/3, Fp(t, x)) = Fp(t + l a , F a (t , x)), V£ > £i, Vx G M, (2) 

Va, /3 G {1, 2,..., m}. 
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Proof. Let t > t 0 . The equality x(t + Ip + 1 Q ) = x{t + l a + 1^) is equivalent 
to 

F a (t + 1^, x(t + 1^)) = Fp{t + 1 Q , x(t + Iq,)) 

-<=>■ F a (t + 1 p,Fp(t,x(t))) = Fp{t + 1 a ,F a (t,x(t))). 

For t = to, one obtains 

F a (to + 1,3, Fp(to, Xo)) = Fp(to + 1 a, F a (to , Xo)) ■ 

Since 1 0 and xq are arbitrary, it follows the relations ([2]), Vcq/3. □ 


2 Autonomous discrete multitime 
multiple recurrence 

Let M be a nonvoid set. For any function G: M —> M, we denote 

f G o G o ... o d . if n > 1; 

G (n) = I ' n 

I Idju, if n = 0. 


2.1 Existence and uniqueness Theorem 

Theorem 1. We consider the functions G a : M —>■ M, a G {1,2,..., m}. 
a) Let t 0 G Z m . If for any xq G M, there exists at least one function 

x ; 1 1 G Z m 1 1 ^ to } —t M, 

which verifies the recurrence equation 


x(t + 1 Q ) = G a (x(t)), Vf > t 0 , Vet G {1,2,..., m}, (3) 


and the initial condition x(to) = xq, then 

G a ° Gp = Gp o G q , Vo, /3 G {1,2,..., m}. 


(4) 


b) If, for any a, jd G {1,2,..., m}, the relations ([4]) are satisfied, then, for any 
(to,xo) G Z m x M, there exists a unique m-sequence x: {f G Z m 1 1 > f 0 } —t 
M which verifies the recurrence ([3]) and the initial condition x(t 0 ) = x 0 ; this 
sequence is definite by the formula 


x{t) 


Gf~ tl) o 


Gf~® o 


G^-^\x o), Vi>t 0 . 


(5) 
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Proof, a) The equality x(t 0 + 1^ + l a ) 
G a (x(to + l_a)) = Gp{x{t$ + l a )) 


= x(t 0 + 1 Q + 1^) is equivalent to 
G a (Gp(x(t 0 ))) = Gp(G a (x(to))) 


•<=>• G a o Gp{x o) — G /3 o G a (x o). 

Since x 0 is arbitrary, it follows the relations (J3J), Va,/3. 
b) Firstly we remark that any sequence of the form ()5]) verihes the relations 
(J3]) and the initial condition x(to) = Xq. 


x(t + 1J = ° . ■ . ° Gf +1 -«> O ... o 


( 6 ) 


using (|4|) and the relation (|6j), it follows 


x(t + 1«) = G a o G?~® o...o Gf-‘S> o...o Gr-*”>(^o) 


G a (x(t)). 


The initial condition x(t 0 ) = Xq is checked immediately. 

The necessity is proved by induction after m, the components number of 
the point t — (t 1 , ...,t m ). 

For m — 1, we have t = t 1 and to = to- If t > to, then 

x(t) = xf^t 1 ) = Gi(x(t l — 1)) = G[ 2 \x(t 1 — 2)) = 

= • • • = Gf\x(t 1 - k)) = ... = G? ~ to \x(tl )) = Gi ~ to \x 0 ). 

For t = to, the relation x(t) = G\ 0 (xo) is obvious. 

Let m > 2. Suppose that the relation is true for m—1 and we shall prove 
it for m. We denote t — (t 2 ,..., t m ); t 0 — (t^,..., t™). 

Let x(t) = x(tg, t) = x(tg, t 2 ,..., t m ). If t 1 > tj, then 

x(t) = x^G) = Gi(x(t 1 — 1 ,t)) = G^\x(t 1 — 2 ,t)) = 

= ... = G ( [\x{t 1 — k,t)) = ... = Gi to \x(tl,t)) = Gi to \x(t)). 

We have proved that if t 1 > tj, then x(t) = G± to \x(t )); the relation is 
verihed automatically also for t 1 = tj- 

For a G {2,..., m}, we denote l a = (0,..., 0,1, 0,..., 0) G Z m_1 ; hence 
1 Q = (0,1 Q ). For a > 2 and t 1 = tj, the relations (EJ) become x((tl,i) + 
(0,1 Q )) = G a (x(tl,t)), i.e., 

x(t + l a ) = G a (x(t)), Vt >t 0 , Va G {2,..., m}. 

Obviously x(to) = x(tl,to) = x(t 0 ) = xq. Since t has m — 1 components, 
from the induction hypothesis it follows 

x(t) = G?~® o...o G^-^ix 0 ), Vt > t 0 . 


Consequently, for any t > t 0 , we have 


x{t) = cf tl \x(i)) = G y ; 




G^\x o). 


□ 


4 


2.2 Extension theorems 

Lemma 1. Let G: M —» M be an arbitrary function arid to € Z m , /3 G 
{1,2,..., m} ; fixed. If for any xq G M, t/iere exists at least one function 

x\ { £ G Z m 1 1 ^ to — 1/3 { — t 1W, 


which verifies relation 

x(t + ly) = G(x(t)), Vt>t 0 - 1 / 3 , ( 7 ) 

and the condition x(t 0 ) = x 0 , then G is surjective (onto). 

Proof. Let y G M. There exists a function x(-) which verihes (0 and the 
condition x(t 0 ) = y. For t = f 0 — 1 / 3 , one obtains x(to) = G(x(to — lp)), hence 
G(x(to — I/ 3 )) = y. Because y is arbitrary, it follows that the function G is 


surjective. □ 

Proposition 2. We consider the functions G a : M —> M, for a G {1, 2 ..., m}. 

a) Let t 0 G Z m and ao G {1,2,..., m}, fixed. If for any xq G M, there exists 
at least one function x: {t G Z m 1 1 > to — l Qo } M, which verifies 

x(t + l a ) = G a (x(t)), ( 8 ) 

vt>t 0 - l ao , Va G { 1 , 2 ,..., m}, 
and the condition x{to) = xq, then G ao is surjective and 

G a ° Gp = G /3 o G a , Va, ft G {1,2,..., m}. (9) 


b) Suppose that, for any a G {1,2,..., m}, the functions G a are surjective 
and that, for any a, G {1,2,..., m}, the relations (ED are satisfied. 

Let (to, Xo) G Z m x M and s G Z m , s < to- 

If for a G M, we have G f° s ^ o ^ o ... o Gm s \a) — xq, then the 

function 

x: {t G Z m |t > s] ->• M, 

x(t) = Gf s ■* o G% ~ s o • • • o G^( n ~ sm ^(a), Vt > s, ( 10 ) 

verifies the recurrence dSD, Vi > s, Va G {1, 2,..., m}, and x(t 0 ) = x 0 . 

c) Suppose that, for any a G {1,2,..., m}, the functions G a are surjective 
and that, for any a, G {1,2,..., m}, the relations (ED are satisfied. 

Then, for any (t 0 ,xo) G Z m x M, there exists at least one function 
x: Z m —* M which verifies the recurrence (JED, Vt G Z 171 , Va G {1,2,..., m}, 
and the condition x(t 0 ) = x 0 . 
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Proof, a) The surjectivity of G ao follows from Lemma [U The relations ([5]) 
are obtained from Theorem [H a), considering the restriction of x(-) to the 
set {t E Z m 1 1 > t 0 }. 


(th-s 1 ) Q n (t 2 0 -s*) 


G\ 


o 




a are surjective. 

od 


... o Gm ' is sur- 
Consequently, there 

■)/ 


b ) We observe that the function G 1 
jective, since — s a > 0, Vo, and G 

exists a E M such that G f° s ^ o G^ 0 s o ... o Gm s ’(a) = x 0 . 

From the Theorem [H b ), it follows the function defined by the formula 
ca is the unique function which verifies the recurrence (J8]), Vt > s, Vo, and 
the condition x(s) = a. For t — to, we have 


x(t 0 ) = G[ th ~ sl) o G ( f°~ s2) 0...0 G ( J~ srn \a) = x 0 . 


c ) Let G = Gi o G 2 o ... o G m . Since the functions G a are surjective, 
it follows that the function G is surjective. Hence, there exists a function 
H : M —y M such that G o H = Id m (right inverse). 

For n G N, we denote P n = {t e Z m 1 1 > t 0 — n ■ l}; let a n = H^ n \x 0 ). 
We observe that G(a n+ 1 ) = a n and G <Kn \a n ) = x 0: Vn £ N. 

For each n £ N, we consider the function y n : P n —> M, defined by 


Vn(t) 


G\ 


(t 1 -tl+n) q t 2 -tl+n) 




Vt > to — n ■ 1. 


Because G^ n \a n ) = xq, i.e., G\ n> o G^ ° ■ ■ ■ ° Gm\a n ) = xo, according the 
step b ), it follows that the function y n verifies the recurrence (J8]), Vt £ P ni 
Wa and the condition y n (t 0 ) = x 0 . 

We remark that P n C P n+ For t £ P n , we have 


Un+lif) 


G (P-tl+n+ 1) Q G (f-tl+n+ 1) Q _ _ _ Q G^ m_t O l+n+ l)(a n+1 ) 


_ ^ip-io+n) o G (t 2 -tl+n) 


= G\ 


..oGf-'MICfe,)) 

= G f-‘ i+n) o Gf-‘° +n) o...o = y n (t). 


We showed that y n+ i(t) = y n (t), Wt £ P n . Inductively, one deduces that, for 
any g £ N, we have y n+q (t) = y n (t), Vt E P n . Consequently, y n (t) = y k (t), 
Vt £ Pmin{n,k}‘ 

Let us define the function x : Z m —> M. 

Let t £ 7j m . Since Z m = P n , there exists n £ N, such that t £ P n . 

nG N 

The value of the function x at t will be x(t) = y n (t)- 

The function x(-) is well defined since if t £ P n and t E Pk, we have 
showed that y n (t) = yk(t). 

If t E P n , then t. + l Q E P n . We have x(t + l Q ) = y n (t+l a ) = G a (y n (t)) = 
G a (x(t)) and x(t 0 ) = y n (t Q ) = x 0 . □ 
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Proposition 3. Suppose that, for the functions G a : M —> M, the relations 
(PD are satisfied. 

Let to G Z m and «o G {1,2, /ixed. If, for any xq G M, there 

exists at most one function x: {t G Z m 11 > to — la 0 j —>■ which verifies 

x(t + l a ) = G a (x(t)), Vt > t 0 — l ao , Vo G (1,2,, m}, (11) 

and t/ie condition x{to) = xo, then G Qq is injective (one-to-one). 

Proof. Let p,q G M such that G ao (p ) = G ao (g). 

We select xo = G ao (p) = G ao (q). 

The functions 


x, y: {t G Z m 11 > to — l Qo } — > M, 


x(t) = o . 

y(t) = cf o. 


oC^o-oGr^p), 

oG h;o-c + i) 0 ... oG ^ ) ( g ), 


Vt>t 0 -l QO) (12) 
Vt>t 0 -1« 0 , (13) 


are well defined (since t Q ° — tg° + 1 > 0), verifies the relations (fill) and 
x(t 0 ) = G qo (p ) = x 0 , y(t 0 ) = G ao (q) = x 0 . It follows that x(t) = y{t ), 
Vt > t 0 — 1 Q0 . For t = t 0 — l ao , we obtain x(t 0 — l ao ) = y(t 0 — l ao ), relation 
which is equivalent to p = q (according ffT2l] . (fTHjl ) . Hence, the function G ao 
is injective. □ 


If G\ M —» M is a bijective function, we denote G^ ^ = [G for 

k G N; we have G^ k ) = (G^)” 1 . 


Proposition 4. Suppose that the functions G a : M —>• M are bijective and 
the relations (PD hold. Then, for any (t 0 , x 0 ) G Z m x M, there exists a unique 
solution x: Z m —y M, of the recurrence equation 


x(t + l a ) — G a (x(t)), Vt G Z m , Vet G {1, 2,..., m}, (14) 

with the condition x(t 0 ) = x 0 . The function x is defined by the relation 

x{t) = Gf~® o Gf~ t2 ° ] o...o G ( ^ n - t o\x 0 ) (Vt G Z m ). (15) 

Proof. The existence follows from the Proposition [2j c). 

Let x: Z m —* M be a solution of the recurrence (fTTlh with x(t 0 ) = x 0 - For 
proving the uniqueness, it is sufficient to show that x(t) verifies the relation 
(US]), Vt G Z m 
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Let s < to- We apply the Theorem [Q for the restriction of x to the set 
{f G 1 1 > s }. It follows 

x(t) = Gi - 1 o Go ~ s o ... o G^ m-S "^(x(s)), Vt > s. 

For t = to, we obtain xo = G ^ 0 s * o G ^ 0 s ■* o ... o Gm° s ^(x(s)). Since the 
functions G a are bijective, it follows 

xW = Gf-®.Gy®o..,oGf-‘ f) W. 


Consequently, for any t > s, we have 

x(t) = Gf 1_sl) o G? 2_s2) o ... o G^ m_sm) (x(s)) = 

= Gf- sl) o Gf~ s2) 0...0 G £ m - m) o G^ o Gf~® 0...0 Gif-^\x 0 ) 
= Gf~® o Gf~ t2 ° ] o ... o G^-W^x o). 

We have showed that, for any s < t 0 and any t > s, the sequence x(t) 
verifies the relation (fT5j) . Since 


U {teZ m \t>s} =z m , 

sEZ m , s<£o 

it follows that the relation (TT5]l holds for any t G Z m . □ 

Theorem 2. Let M be a nonvoid set. For each a G {1,2,..., rn), we con¬ 
sider the function G a : M —>■ M and we associate the recurrence equation 


x(t + l a ) = G a (x(t)), Va G {1, 2,..., mj. (16) 

The following statements are equivalent: 

i) For any a G {1,2,..., m}, the functions G a are bijective and 

G a o Gp = Gp o G a , Va, fd G {1,2,..., m}. (17) 

ii) There exists to G Z m such that Vao G {l,2,...,m} ; Vxo G M, there 
exists a unique function x: {f G Z m 1 1 > to — l ao } ► M, which, for any 
t > t 0 — 1q 0 ? verifies the relations (USD, and the condition x(t 0 ) = x 0 . 

in) There exist t 0 ,ti G Z m , with tf < t.Q, Va, such that, for each x 0 G M, 
there exists a unique function x: {f G Z m 1 1 > G) —>• M, which, for each 
t > ti verifies the relations (HU . and also the condition x(f 0 ) = x 0 . 


iv) For each t 0 ,ti G Z m , with ti < t 0 , and for any x 0 G M, there exists a 

unique function x: jt G Z m 1 1 > —» M, which , for any t >t\ verifies the 

relations (USD, and also the condition x(to ) = xo- 

v) There exists t 0 G Z m , suc/j that, for any xq G M, there exist a unique 
function x: Z m —» M, which, for any t G Z m verifies the relations (USD, and 
x(t 0 ) = x Q . 

vi ) For each pair (to, xo) G Z m x M, there exists a unique function x: Z m —* 
M, which, for any t G Z m verifies the relations (HU . and x(t 0 ) = x 0 . 

Proof. ii) => i): The relations ffTTl) and the surjectivity of functions G a 
follow from the Proposition [2j a), and the injectivity of the functions G a 
follow from the Proposition [3J 

i) ==>• vi): It follows from the Proposition SJ 

vi) => iv): Considering the restrictions of the functions s to {t G 
Z m 1 1 > to — l ao } (for each a 0 ), from the Proposition El a), it follows that 
the relations (fTT]) hold and that the functions G a are surjective, V<x 

Let t 0 ,ti G Z m , with t\ < t 0 , and x 0 G M. There exists a unique function 
x: 7L m —>■ M such that x(t 0 ) = x 0 and the relations (HBj) are true, Vt G . 

To prove the existence, it is sufficient to select x as the restriction of x to 
(f G Z m 1 1 > ti}. 

Let y: G 1 1 > ti} —> M, be a function such that y(to) = xq and 

for which the relations (flUl) hold, Vt > £ 1 . We shall prove that the functions 
x and y are equal. 

From the Proposition El c), there exists y: —>■ M such that y(t\) = 

y(t\) and for which the relations ffT6l) hold, Vt G 7L m . From the Theorem [lj 
it follows that y and its restriction y to {t G 1 1 > ti} coincide. Since 
t 0 > ti, we have y(t 0 ) = y(t 0 ) = x 0 . It follows that the functions x and y 
coincide. Consequently, for each t > t 1; we have 

y{t) = y{t) = x(t) = x(t). 

iv) =ii) is an obvious implication. 

We have proved that the statements i), ii), iv), vi) are equivalent. 

i) ==>■ Hi): We have i) iv), and iv) ==>■ Hi) is obvious. 

Hi) =>■ i): For each a, we have t“ < tg, i.e., tg — 1 > t“. Hence 
t 0 — l a > ti, Va. Considering the restrictions of the functions x to {t G 
Z m 11 > t 0 — l ao } (for each a 0 ), from the Proposition El a), it follows that 
the relations (H71) are true and the functions G a are surjective, Va. 

Let «o G {1, 2,..., m}. We shall prove that G ao is injective. 

Let p,q G M such that G ao (p) = G ao (q ). According the Proposition El 
c), there exist the functions y, z: Z m —y M for which the relations (1X6]) hold, 
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vt £ Z m , and y(t 0 - l ao ) = p, z(f 0 - lao) = Q- Let x 0 = G ao (p ) = G ao (g). 
2/(^o) = G ao (y(t 0 - l ao )) = G ao (p) = a 0 , 

*(to) = G ao (z(t 0 - l ao )) = G ao (q ) = x 0 . 

Applying the uniqueness property for the restrictions of the functions y and 
z to the set {t £ Z m 1 1 > fi}, we obtain y(t) = z(t), Vt > t\. 

Since t 0 - 1« 0 > ti, it follows y(t 0 - l Qo ) = z(t Q - l Qo ), i.e., p = q. 
i ) =>■ v): We have i) vi), and vi) ==>■ v) is obvious. 
v) ==>■ i): For each a, we have be., fg — 1 > f". Hence t 0 — l a > ti, 

Va. Considering the restrictions of the functions x to {t £ Z m 1 1 > t 0 — 1 Q0 } 
(for each «o), by the Proposition [2l a), it follows that the relations (fTTj) hold 
and that the functions G a are surjective, Va. 

Let ao £ {1, 2,..., m}. We shall prove that G ao is injective. 

Let p, q £ M such that G ao (p) = G ao (q). According the Proposition [2j c), 
there exist the functions y, z: Z m —> M for which the relations (fIBl) are true, 
Vt £ Z m , and y(t 0 - l ao ) = p, z(t 0 - l ao ) = q. Let x 0 = G ao (p ) = G ao (q). 

y(to ) = G ao (y(t 0 - l ao )) = G ao (p) = x 0 , 

z(to) = G ao (z(t 0 - l ao )) = G ao {q) = Xq. 

From uniqueness, we obtain y(t) = z(t), Vt £ Z m ; for t = t 0 — l ao it 
follows y(t 0 - la 0 ) = z i t 0 - lao)) be., p = q. □ 

Remark 1. We consider the bijective functions G a : M —> M, for which the 
relatiojis (Eli holds. Let t 0 £ 27” and let x: {f £ Z m 1 1 > f 0 } —> M be a 
solution of the recurrence (USD. From Theorem [2l it follows that there exists 
a unique function x : Z m —y M, solution of the recurrence (USD , such that 
x(t) = x(t), Vt > t 0 , i.e., x is an extension of x. According Proposition [H 
this extension is defined by the formula (fTSjl . for x 0 = x(t 0 ). 

3 Non-autonomous discrete multitime 
multiple recurrence 

3.1 Existence and uniqueness Theorem 

Let t\ £ Z m . Consider the functions F a : {t £ Z m \ t > fi} x M —> M, 
a £ {1,2,..., m}, which define the recurrence equation 

x(t+l a ) — F a (t,x(t)), Va £ {1,2,... ,m}. (18) 
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Let M = js G Z m | s > ti } x M and let G a : M —» M, 

G a (s,x) = (s + 1q,,F q (s,x)), V(s, x) G M. 
The functions G Q define the recurrence 


(s(t + l a ),x(t + l a )) = (s(t) + l a ,F a (s(t),x(t))), Va G {1,2,.. .,m}, (19) 
which is equivalent to 


x(t + l a ) = F a (s(t),x(t)) 

s(t + la) = s(t) + la 


Va G {1,2,..., m}. 


( 20 ) 


The unknown function is (s(-),x(-)). Denoting y = (s,x), the recurrence 
(TTU1) can be rewritten in the form 


y(t + l a ) = G a (y(t)), Va G {1,2, (21) 

with the unknown function y(-) = (s(-),x(-)). 

Lemma 2. a) Let t 0 ,ti,s 0 G Z m , with t 0 >ti. 

Then the function s: {t G Z m 1 1 > ti} — > TJ n verifies, for each t > t\, 

s(t + l a ) — s(t) + 1 Q , Va G {1, 2,..., ?7i}, (22) 


and the condition s(t 0 ) = s 0 , 

if and only if s(t ) = t — + s 0 , Vt > ti. 

6) Let to, so £ T/ie function s : Z m — > Z m verifies, for each t G Z m , 
t/ie relations m and the condition s(to) = so if and only if s(t) = t — to + so, 
Vt G Z m . 


Proof. Let s: Z m — > Z m , s(t) = t — t 0 + s 0 , Vt G Z m . One observes imme¬ 
diately that s verifies, for any t G Z m , the relations (122)1 and s(t 0 ) = s 0 . 

For each a, we consider the function 

G a :Z m ^ Z m , G a (s) = s + 1 Q , Vs G Z m . 

The relations (1221) are equivalent to s(t+l a ) = G a (s(t)), Va G {1, 2,... , m}. 
One observes that G a o Gp(s) = Gy o G a (s) = s + 1 Q + 1/3, Vs G Z m . 

For any a, the function G a is bijective. Its inverse is (G a ) _1 (s) = s — l a , 
Vs G Z m . 

According the Theorem [2) iv), there exists a unique function s: {t G 
Z m 11 > ti} — > Z m which verifies the recurrence (1221) . Vt > ti, and the 
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condition s(t 0 ) = t 0 . By uniqueness, it follows that s coincides with the 
restriction of the function s to the set |t G Z m 1 1 > ti j; hence s(t) = 

t — t 0 + s 0 , Vt > ti. 

According the Theorem EJ vi), it follows that there exists a unique func¬ 
tion a: Z m —» Z m which verihes the recurrence (1221) . Vt G Z m , and the 
condition cr(t 0 ) = t 0 . From uniqueness, it follows that a = s; hence cr(t) = 
t — to T So, Vf G Z m . □ 

Proposition 5. Suppose that we are in the foregoing conditions. 

a) For a,j8 G {1,2,..., m}, we have 

F a (t+ lp,Fp(t, x)) = Fp(t + l a ,F a (t,x)), Vt>ti, VxgM (23) 

if and only if G a o Gp = Gp o G a . 

b ) Let t 0 G Z m ; to > t\ and xq G M. 

If x: {t G Z m 11 > ti} —>■ M verifies the recurrence urn Vt > ti, and 
the condition x(t 0 ) = a: 0 , t/ien the function 

y: {t G Z m | t > ti} —>■ M, y(t) = (t,x(t)), Vt > ti, 

verifies the recurrence co, Vt > ti, and the condition y(t 0 ) = (t 0 ,xo). 

Conversely, if y(-) = (s(-),x(-)): {t G Z m 11 > t x ]> —> M verifies the 
recurrence GO- Vt > t\, and the condition y(t 0 ) = (t 0 ,x o), then s(t) = 
t, Vt > ti and x(-) verifies the recurrence 01, Vt > t\, and the condition 
x(t 0 ) = x 0 . 

Proof. a) For any (s, x) G M, we have 

G q o Gp(s, x) = Gpo G a (s, x) 

(s + lp + 1 Q , F a (s + 1/3, T)j(s, x))) = (s + 1 Q + Ip, Fp(s + l a , F a (s, x))) 

F a (s + lp,Fp(s,x)) = Fp(s + 1 a ,F a (s,x)) 

b ) Let x(-) be a solution of the recurrence (ITS]) , with x(t 0 ) = x 0 . We have 
to show that the function y{t ) = (t, x(t)) verifies the relations (1201) : since, for 
that y(-) we have s(t) = t, the relations (120]) become 


x(t + 1 Q ) = F a {t, x(t)) 
t + 1 Q = t + l a 


Vo G {1, 2,, m}. 


(24) 


The second relation in (121|) is obvious, and the first is true because x(-) is a 
solution of the recurrence 

The relation y(t 0 ) = (to,Xo) is obvious. 
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Conversely, let y(-) = (s(-),x(-)) be a solution of the recurrence cm. 
with y(t 0 ) = (t 0 ,x o). Hence s(-) and x(-) verihes the relations (12UD and the 
condition s(to ) = to, ^(to) = x o- 

Since s(t + l a ) = s(t) + 1 Q , Vt > t\, Va, and s(t 0 ) = t 0 , from Lemma [2] it 
follows that s(t) = t, Vt > t\. 

Hence, the first relation in (12UD becomes x(t + 1 Q ) = F a {t,x{t)), i.e., x(-) 
is solution of the recurrence (fTSjh □ 

The Proposition [T] presents necessary conditions for the existence of solu¬ 
tions of a discrete multitime multiple recurrence. The next Theorem shows 
that these conditions are also sufficient for the existence and uniqueness of 
solutions. 

Theorem 3. Let M be an arbitrary nonvoid set and to £ Z m . We consider 
the functions F a : {f e Z m | f > f 0 } x M —> M, a G {1,2,... , m}, such that 

F a (t + Ip, Fp(t, x)) = Fp(t+ 1 Q , F a (t, x)), (25) 

Vt > t 0 , Vx G M, Va, /3 E {1,2,, m}. 

Then, for any xq E M, there exists a unique function x: {t E Z m 11 > t 0 } —> 
M which verifies 

x(t + 1 Q ) = F a (t, x(t)), Vt > t 0 , Va 6 {1,2,..., m}, (26) 

and the condition x(to) = xq. 

Proof. Let M — {s E Z m | s > t 0 } x M and let G a : M —> M, 

G a (s , x) — (s + l a , F a (s, x)) , V(s, x) E M. 

We apply the Proposition [5] (for t\ = to); according the step a), it follows 
that G a o Gp = Gp o G a , Vo E {1,2,..., m}. From Theorem [TJ 6), it follows 
that there exists a unique function y(-) = (s(-), x(-)): {t E Z m | t > t 0 } —* M 
which verifies 

y(t+l a ) = G a (y(t)), Vt > t 0 , Va E {1, 2,..., m}, (27) 

and the condition y(t 0 ) = (t 0 , x 0 ). From Proposition O b ), it follows that x(-) 
verihes the relations and the condition x(t 0 ) = x 0 . 

Uniqueness of x(-): let x: {t E Z m | t > t 0 } —> M a function which 
verihes the relations (1261) and the condition x(to) = Xq. From Proposition [5j 
b ), it follows that the function 

y: {t E Z m 11 > t 0 } ->■ M, y(t) = (t, x(t)), Vt > t 0 , 
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verifies the relations (12711 and the condition y(t 0 ) = (t 0 ,x 0 ). 

From the uniqueness property of the solution of the recurrence (1271) (The¬ 
orem [H b)), it follows that the functions y and y coincide; hence (s(t),x(t)) = 
(t,x(t)), Vf > to; we obtain x(t) — x(t), Vi > to. □ 

Remark^2. Let t 0 , fi, s 0 G Z m ; So > ti and Xq G M. 

Let M = {s G Z m | s > £i} x M. 

Suppose that x: {f G Z m 1 1 > s 0 } —> M verifies, for any t > s 0 , the 
recurrence 03, and the condition x(s 0 ) = x 0 . Let 

s,x'. |t G 27" 1 1 P fo} —t M, 

s(t) — t — t 0 + s 0 , x(t) = x(t-t 0 + s 0 ), Vt>t 0 . 

Easily be observed that the function y(-) = (s(-), x(-)): {t G Z m 1 1 > 
to} —>■ M verifies, for each t > to, the recurrence m and the condition 

y(to ) = (so,aJo)- 

From here one obtains a new proof for the Proposition [O' Indeed, in the 
hypotheses of Proposition^ it follows that V(s 0 ,a;o) G M, there exists a 
function y(-), which verifies, for each t > to, the recurrence (1211) and the 
condition y(t 0 ) = (sq,xq). From Theorem [Q it follows that G a °Gy = GyoG a , 
\/a,/3, and from Proposition^ we obtain the relations (123]) . 

3.2 Extension theorems 

Proposition 6. Let ao G {1, 2,..., m}, to G Z m . 

a) Let F: [t G Z m 1 1 > t 0 — l ao } x M —> M. If, for any x 0 G M, there exists 
at least one function x: {f G IT 1 1 1 > to — 1 Q0 } M, which verifies 

x(t + l ao ) = F(t,x(t)), Vt>t 0 -l ao , (28) 

and the condition x(to) = xq, then the function F(t 0 — l ao , •) is surjective. 

b ) Suppose that for the functions F a : {f G Z m 1 1 > t 0 — l ao } x M > M, the 
relations (127]) hold, Wt > t 0 — 1 Q0? Vx G M, Va, j3 G {1, 2,..., m}. If, for any 
xo G M, there exists at most one function x: {t G Z m 1 1 > t 0 — l ao } —> M, 
which verifies 

x(t + l a ) = F a (t,x(t)), Vt > t 0 - l ao , Va <E {1,2,... ,mj, (29) 

and the condition x(t 0 ) = x 0 , then the function F ao (t 0 — l ao , •) is injective. 

Proof. a) Let z G M. There exists a function x(-) which verifies (125]) and the 
condition x(to) = z. For t = t 0 — l ao , on e obtains z = F(to — l ao , x(to — l ao ))- 
Since z is arbitrary, it follows that F(to — l Qo , •) is surjective. 
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b ) Let p,q E M such that F ao (t 0 — 1 Q0 , p) = F ao (t 0 — l ao , q). We can apply 
the Theorem [21 There exist the functions x,x: {i G Z m 1 1 > t 0 — 1 Q0 } —5 > M 
for which the relations (129|) are true, and x(to — l ao ) = P, x(to ~ la 0 ) = q- 
Let x 0 = F ao (t 0 - 1 ao ,p) = F ao (t 0 - 1 ao ,q). Then 

x(t o) F ao (t 0 l Cfo ,x(to lao)) F ao (t 0 1 a.QiP') Xq, 

x(t Q ) F ao (to \ ao ,x(t() 1q,q)) F ao (t 0 x o- 

It follows that the functions x and x coincide; hence x(t 0 — l ao ) = x(to — l ao ), 
i.e., p = q. □ 

Lemma 3. Let /3 G {1,2,..., m } and F: Z m x M —> M. 

Let G \ Z m x M —» Z m x M, G(t , x) = (t+lp, F(t , x)), V(f, x) E Z m x M. 

a) The function G is injective if and only if, for any t E Z m , the function 
F(t, •) is injective. 

b ) The function G is surjective if and only if, for any t E Z m , the function 
F{t , •) is surjective. 

Proof. a) Suppose that the function G is injective. Let t E Z m . 

If, for X\,X 2 E M, we have F(t,x i) = F(t,x 2 ), then G(t,x 1 ) = G(t,x 2 ). 
It follows (t,x 1 ) = (t,x 2 ); hence X\ = X 2 - 

Conversely, let us suppose that the functions F(t, •) are injective. If 
G(ti,xi) = G(t 2 ,x 2 ), then (ti + lp, F(ti,xi)) = (t 2 + Ip, F(t 2 , x 2 )). Hence 
t\ = t 2 and F(ti,Xi) = F(fi,x 2 ). It follows that X\ = x 2 . We have obtained 
(ti,x 1 ) = (t 2 ,x 2 ). 

b ) Suppose that G is surjective. Let t E Z m . If y E M, then there 
exists (s,x) E Z m x M, such that G(s,x) — (t + 1 p,y), equivalent to (s + 
1 p,F(s,x)) = (t + 1 p,y). It follows that s = t and F(s,x ) = y. Hence 
F(t,x) = y. 

Conversely, let us suppose that the functions F(t, •) are surjective. 

Let (s,y) E Z m x M. There exists x E M, such that F(s — lp,x) = y. 
We have G(s — 1 p, x) = (s, F(s — lp, x)) = (s, y ). □ 

Theorem 4. Let M be a nonvoid set. For each a E {1, 2,..., m}, we con¬ 
sider the function F a : Z m x M —» M, to which we associate the recurrence 
equation 

x{t + l a ) — F a (t,x(t)), Vo G {1, 2,..., m}. (30) 

The following statements are equivalent: 
i ) For any a E {l,2,...,m} and any t E Z m , the functions F a (t,-) are 
bijective and 

F a {t + 1 p,Fp{t,x)) = Fp(t + 1 a,Fa(t,x)), (31) 
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V(t, x) EZ m x M, Va, P E {1, 2,..., m}. 

ii) For any pair (£ 0 , ^o) G x M, and any index a 0 E {1, 2,..., m} ; t/jere 
exists a unique function x: {t E Z m 1 1 > to — l Qo } —> M, which, for each 
t > to — l Qo verifies the relations (TO, and also the condition x(t 0 ) = xq. 
in) For any to, t\ E Z m , with t\ < to, and any xq E M, there exists a function 
x: {t E Z m 1 1 > ti} —> M, which, for any t>t\, verifies the relations (GP, 
and also the condition x(t 0 ) = x Q . 

iv ) For any (t 0 ,x 0 ) E Z m x M, there exists a unique function x: Z m M, 
which, for any t E Z m , verifies the relation (I5UD . and also x(t 0 ) = x 0 - 

Proof. ii) =>■ i): Let t\ E Z m . For any t 0 > t\ and any x 0 E M, there 
exists a unique function x: {t E Z m 1 1 > t 0 — l ao } —^> M, which, for any 
t > to — l ao) verihes the relations (15UD . and also the condition x(t 0 ) = x 0 . 

The restriction of the function x(-) to {t E Z m 1 1 > to} verifies, for any 
t > to, the recurrence (1301) . and also the condition x(t 0 ) = Xo- 

From the Proposition Q] it follows that the relations (Oil) hold, for any 
t > ti. Since t x is arbitrary, we deduce that the relations (T3T|) are true, for 
any t E Z m . 

The surjectivity of functions F a (t, ■) follows from Proposition [6l a). 

The injectivity of functions F a (t, ■) follows from the Proposition [6l b). 
i) iv): For each a E {1,2,..., m }, we consider the function 

G a : Z m x M -> Z m x M, G a (t, x) = (t + l a , F{t, x)), V(t, x) E Z m x M. 

Similar to the proof of Proposition [5] it is shown that the relations (13TT) are 
true, for any (t, x) E Z m x M if and only if G a o Gy = Gp o G a . 

From Lemma El we deduce that, for any a E {1,2,..., m}, the function 
G a is bijective. 

Let (to,xo) E Z m x M. According the Theorem [2j vi), there exists a 
unique function y(-) = (s(-), #(•)): Z m -E Z m x M, which, for any t E Z m 
verifies the relations 


y{t + l a ) = G a (y(t)), Va G {1, 2,..., m), 


and y(t 0 ) = (t 0 ,x 0 ), which are equivalent to 


x(t + 1 Q ) = F a (s(t),x(t)) 
s(t + la) = s(t) + 1 Q 


Va e {1, 2,..., m} 


and s(to) = t Q , x(t 0 ) = x 0 . 


(32) 


(33) 
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From Lemma [21 we obtain s(t) — t, Vt G Z m . Replacing in the first 
relation of (1331) . it follows that the function x : Z m —> M verifies the relations 

d3QD, vt e z m . 

Uniqueness of x(-): let x: Z m —> M be a function which verifies the 
relations (jHUlh Vt G Z m , and the condition x(t 0 ) = Xo. Easily finds that the 
function 

y:Z m ^Z rn xM, y(t) = {t,x(t)), Vt G Z m , 

verifies the relations ([52]) . Vt G Z m , and the condition y(t 0 ) = (£ 0 ,x 0 ). 

From the uniqueness property of solutions of the recurrence (1321) (accord¬ 
ing Theorem [2j vi)) it follows that the functions y and y coincide; hence 
( [t,x(t )) = (t, x(t)), Vt G Z m ; we obtain x(£) = x(t), Vt G Z m . 

in) =>■ Hi): For each a G {l,2,...,m}, we consider the function G a 
defined as in the proof of the implication i) =>■ iv). 

Let to G Z m and (so,xo) G ZU x M. We shall show that there exists a 
unique function y(-) = (s(-),x(-)): Z m —> Z m x M, which, for any t G Z m , 
verifies the relations (l32]h and y(t 0 ) = (s 0 ,x 0 ). 

There exists a unique function x: Z m —> M which, for any t G Z m verifies 
the relations (150|) . and also the condition x(s 0 ) = x 0 . 

Let 

s: Z m —>■ Z m , x:Z m ->M, 

s(t) = t — t 0 + s 0 , x(£) = x(t — t 0 + s 0 ), Vt G Z m . 

Easily finds that the function y(-) = (s(-),x(-)): Z m —> Z m x M verihes, 
for any t G Z m , the recurrence (152)1 and y(t 0 ) = (s 0 ,x 0 ). 

The uniqueness of y(-): Let y(-) = (a(-),z(-)): Z m —y Z m x M which 
verifies, for any t G Z m , the recurrence (1321) and the condition y(t 0 ) = (so, Xo). 
Hence, for any t G Z m , the functions cr(-), z(-) verify the recurrence (1551) and 
or(t 0 ) = s 0 , z(t 0 ) = x 0 . From Lemma [21 it follows a(t) = t — t 0 + s 0 = s(t), 
Vt G Z m . 

One observes immediately that the function 

5 : Z m —>• M, 5(t) = z(t + t 0 -s 0 ), Vt G Z m , 

verifies the recurrence (1501) . Vt G Z m , and 5(s 0 ) = x 0 . It follows that the 
functions x and z coincide. Hence, Vt G Z m , we have z(£ — t 0 + so) = 
x(t — t 0 + so), i.e., z(t) = x(t). 

Since cr(-) = s(-) and z(-) = x(-), we have y(-) = y(-). 

Hence, for the recurrence (1521) we can apply the Theorem [21 implication 
vi) ==>- in). 

Let to, ti G Z m , with t\ < £ 0 , and Xq G M. 
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There exists a unique function x: Z m —> M, such that x(t 0 ) = x 0 and 
the relations (ISO]) are true, Vt G Z m . It is sufficient to select x as being the 
restriction of x to |t G Z m | t > ti}. 

Uniqueness of the function x(-): Let z: |t G Z m 1t > ti} —>• M, which, 
for any t >t\ verifies the recurrence (l30jh and z(to) = Xq. 

Let y, y: jt G Z m 1 1 > ti} —> Z m x M, 

y(t) = {t,x(t)), y{t) = {t,z(t)), Wt>t v 

One observes immediately that y and y verify the recurrence (l32]h Vt > tp 
we have also y(t 0 ) = y(to) = (to,xo). From Theorem [2j it follows that the 
functions y and y coincide. We obtain (t,x(t)) = (t,z(t)), Vt > tp hence 
x(t) = ^(t), Vt > tj. 

in) => ii) is an obvious implication. □ 

4 Example 

Let M be a nonvoid set, (iV, •, e) be a monoid and let ip: N x M —> M be 
an action of the monoid N on the set M, i.e., 

ip(ab, x) — ip(a, (6, a:)), </?(e, x) — x, Va,b G N,\/x G M. (34) 

For each a E N, x E M, we denote <^(a, x) = ax (not to be confused with 
the monoid operation N). The relations (1341) become 

(ab)x = a(bx), ex = x, Va, b E N,\/x E M. 

We consider ai, a 2 ,..., a m E N, such that a a ap = apa aj Va, /3 G {1, 2,..., m}. 
For each pair (to, Xo) G Z m x M, the recurrence 

x(t + l a ) = a a x(t), Va G {1, 2,..., m}, (35) 

with the initial condition x(ffi) = Xo, has unique solution 

x: {t G Z m |t > t 0 } ->■ M, 

x(t) = • ... • (36) 

This can be obtained by applying Theorem |Tj for the functions G a : M —> M, 
G a (x) = a a x, Vx G M. We have G a o Gp(x) = Gp o G a (x) = a a apx. One 
observes that, for any t G FT m , 

gP O Gp o...o Gg-’W = afaj ■ ... ■ ogx. (37) 
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Suppose that for any a G {1,2,... ,ra}, a a is invertible; then G a is bi- 
jective, with the inverse G~ l {x ) = a~ l x. We find that the formula (j571) is 
true for any t G Z m . According the Remark [lj there exists a unique function 
x : Z m —> M, solution of the recurrence (l35j) . with x(f 0 ) = Xo; the function 
x(-) is a unique extension of x (•) and it is defined by the formula (136]) . but 
for each t G Z m . 

Particular cases: 

1) Let (M, +) be a commutative monoid; we consider the action of M on 
himself 

(p: M x M —> M, <p(a, x) = a + x, Va, x G M. 

In this case the recurrence (l35|i becomes 

x(t + Iq,) = a a + x(t), Va G { 1,2,..., m}, 
and the formula (1361) can be written 

x(t) = ( t 1 - fg)ai + ( t 2 - to)a 2 + ... + (t m - t™)a m + x 0 . 

2) Let K be a field. 

We consider (iV,-,e) = (A4 n (K), •, J n ), M = K n = Ad nj i(/\) and the 
action 

ip: M n (K) x JW ->■ /V n , (^(A,x) = Ax, VA G M n (K), Vx G AT n . 

Let A 1; A 2 ,..., A m G J\4 n (K), such that A a Ap = ApA a , Va, /? G (1,2,..., m}. 

It follows that, for each pair (t 0 , x 0 ) G Z m x K n , the recurrence 

x(t + l a ) = A a x(t), Va G {1, 2,..., m}, (38) 

with the initial condition x(t 0 ) = xq, has unique solution 

x: {teZ m \t>t 0 } -> I\ n , 

x(t) = ..... A ( r-‘”^o. (39) 

If, for each a G {1,2, the matrix A a is invertible, then there 

exists a unique function x: Z m —> K n , solution of the recurrence (1381) . with 
x(t 0 ) = x 0 ; the function x(-) is a unique extension of x(-) and it is defined 
by the formula fl39l) . but for each t G Z m . 
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